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Abstract—This paper addresses the low-frequency problems for 
open capacitive problems in the electric field integral equation 
using Calderón multiplicative preconditioner (CMP-EFIE). At 
low frequencies, the CMP-EFIE fails to extract accurate high-
order current for a capacitor problem. By representing the 
electric current at different frequency orders as a power series, 
we successfully apply the perturbation method on the CMP-EFIE 
for capacitive structures with open surfaces. Numerical results 
show that the highly accurate current for a capacitor can be 
obtained with fast convergence at extremely low frequencies. 
I. INTRODUCTION 
When solving the electromagnetic radiation and scattering 
problems with method of moment (MoM), two kinds of 
equations are extensively used: the electrical field integral 
equation (EFIE) and the magnetic field integral equation 
(MFIE). For open surface problems, solving the ill-posed EFIE 
is the only way since the well-conditioned MFIE is no longer 
valid because of the assumption of the extinction theorem [1]. 
However, the low-frequency breakdown problem happens 
when the Rao-Wilton-Glisson (RWG) basis function is 
employed in the EFIE formulation. One remedy of this 
problem is to separate contributions from the vector potential 
and the scalar potential using the loop-tree or loop-star 
decomposition [2]-[4], while the other one is to include charge 
as additional unknown in the augmented EFIE (A-EFIE) 
method [5]. Recently, the Calderón multiplicative 
preconditioner (CMP) is proposed based on the self-
regularizing property of the EFIE operator and Calderón 
identities, which results in a well-conditioned second-kind 
Fredholm integral equation operator [6]. However, when the 
frequency goes to zero, the CMP method still suffers from the 
low-frequency breakdown problem [7]-[9]. Different from the 
solution with the loop-star decomposition in the CMP-EFIE [7], 
[8], one can remove the square of the hypersingular term ሺ ௛࣮ଶሻ 
analytically to ensure the remaining three terms ( ௦࣮ଶ, ௛࣮ ௦࣮, and 
௦࣮ ௛࣮ ) to be stable at low frequencies [9]. Unfortunately, we 
observed that it loses the accuracy of current for the plane wave 
scattering and results in a large error in the far-field 
computation at very low frequencies [10]. 
In order to address this low-frequency inaccuracy problem, 
we proposed the perturbation method to enhance the accuracy 
for the CMP-EFIE formulation, which has been successfully 
used in the A-EFIE [11]. The electric currents on closed 
surfaces can be accurately computed at very low frequencies 
[10]. To make this method more widely applicable, we extend 
it here to solve open capacitive problems at low frequencies. 
One of the most typical examples with open surfaces is a 
parallel-plate capacitor. The numerical results show that the 
proposed method is very stable at arbitrarily low frequencies 
and converges well in an iterative solver.  
II. BACKGROUD 
The EFIE operator can be written in the mixed form with 
the combined contribution of smoothing ( ௦࣮) and hypersingular 
( ௛࣮) terms as 
࣮ሺࡶሻ ൌ ௦࣮ሺࡶሻ ൅ ௛࣮ሺࡶሻ                             (1) 
௦࣮ሺࡶሻ ൌ ݅߱ߤ ൈ ׬ ݃ሺ࢘, ࢘ᇱሻࡶሺ࢘ᇱሻ୻ ݀࢘ᇱ              (2) 
௛࣮ሺࡶሻ ൌ െ ૚௜ఠఢ ࢔ෝ࢘ ൈ ׏ ׬ ݃ሺ࢘, ࢘Ԣሻ׏௦ · ࡶሺ࢘Ԣሻ୻ ݀࢘ᇱ           (3) 
where ݃ is the free-space Green’s function, ε and μ are the 
relative permeability and permittivity, and ࡶ  denotes the 
unknown surface current. When the frequency goes to zero, the 
matrix becomes singular and ill-posed on account of a null 
space of the divergence operator in the hypersingular term. 
Based on the self-regularizing property of the EFIE operator 
and Calderón identities, a new integral operator can be 
constructed to be a second-kind integral operator. By this way, 
the operator becomes well-conditioned after manually setting 
௛࣮ ௛࣮ ൌ 0 as 
࣮ଶ ൌ ௦࣮ ௦࣮ ൅ ௦࣮ ௛࣮ ൅ ௛࣮ ௦࣮                       (4) 
The perturbation method works very well in CMP-EFIE for 
closed surfaces at low frequencies [10]. Here a brief review of 
the perturbation method for a capacitive problem is described. 
The Green’s function can be expanded with respect to a small 
parameter ߜ ൌ ݅݇଴ as 
݃ሺ࢘, ࢘ᇱሻ ൌ ଵସగோ ቂ1 ൅ ݅݇଴ܴ ൅
ଵ
ଶ ሺ݅݇଴ሻଶቃ ൅ ܱሺߜଷሻ          (5) 
Meanwhile, after the discretization procedure the sub-matrices, 
the current and excitation vectors can also be expanded with 
respect to the small parameter ߜ. For example, the current is 
given by 
݅݇଴࢐ ൌ ࢐ሺ଴ሻ ൅ ߜ࢐ሺଵሻ ൅ ߜଶ࢐ሺଶሻ ൅ ܱሺߜଷሻ                 (6) 
Matching the coefficients of like powers of δ, the current ࢐ can 
be solved accurately in a recursive manner. For the capacitor, 
the dominant current is of order ߱ଵ  [11]. It means that the 
978-1-4673-0462-7/12/$31.00 ©2012 IEEE
(a)   (b)
Fig. 1. (a) Geometry of the capacitors. Unit :m. (b) Surfa
10ିଵଵ Hz by the CMP-EFIE with perturbation. Unit of cur
Fig. 2. Comparison of the extracted capacitances between
and with perturbation. 
dominant part of current in (6) should be ࢐ሺଶሻ, w
as frequency decreases, yielding the low-frequ
problem. With the perturbation method, this h
can be accurately captured at arbitrarily low fre
III. NUMERICAL RESULTS
As shown in Fig. 1(a), a parallel-pla
discretized into 394 triangle patches, equivalen
edges. A delta-gap voltage source is assigned 
the strip connecting the two plates. Though 
from the last term ௛࣮ଶ is removed, the traditi
still suffers from the inaccuracy problem whe
goes to zero, while the CMP-EFIE with pertur
stable in an iterative process for open stru
shows the current distribution at 10ିଵଵ  Hz 
surface. Without the perturbation method, the 
solved current is wrong and the extracted capa
from the right value at 0.4716 pF, as shown in 
Further analysis has been done for the dif
preconditioners. As shown in Fig. 3, withou
preconditioners, the convergence is slow. As 
with additional preconditioner ሺሺG௠ሻ்ሻିଵ or 
convergence in an iterative process can be grea
the open structures. It implies that 
preconditioners further improve the eigen
leading to the reduction of the condition numbe
IV. CONCLUSIONS 
In this paper, we have addressed the low
capacitive problems using the CMP-E
perturbation method, and obtained the acc
current of a capacitor at arbitrarily low frequ
 
ce current density at
rent density: A/m. 
 
 CMP-EFIE without







te capacitor is 
t to 553 internal 
in the middle of 
the contribution 
onal CMP-EFIE 
n the frequency 
bation method is 
ctures. Fig. 1(b) 
on the capacitor 
magnitude of the 
citance diverges 
Fig. 2.  
ferent additional 
t any additional 
proposed in [6], 
1/ G௠ሺ݅, ݅ሻ , the 





FIE with the 
urate high-order 
encies. Since the 
proposed CMP-EFIE with perturbat
open surfaces, it has the potential to
various EM scattering and radiation 
ACKNOWLEDGE
This work was supported in pa
Council of Hong Kong (GRF 7116
the University Grants Council of 
AoE/P-04/08). 
REFERENC
[1] W. C. Chew, M. S. Tong, and B. Hu
Electromagnetic and Elastic Waves
Claypool, 2008. 
[2] J. S. Zhao and W. C. Chew, “Integra
equations from zero frequency to mic
Antennas Propag., vol. 48, no. 10, pp. 1
[3] D. R. Wilton and A. W. Glisson, “O
electric field integral equation at low f
Science Meeting, Los A  ngeles, CA, Ju
[4] J. R. Mautz and R. F. Harrington,“An
surface small or comparable to the wa
Propag., vol. 32, no. 4, pp. 330-339, A
[5] Z. G. Qian and W. C. Chew, “Fast fu
solver for multiscale structure mod
Propag., vol. 57, no. 11, pp. 3594-3601
[6] F. P. Andriulli, K. Cools, H. Bağ
Christiansen, and E. Michielssen
preconditioner for the electric field 
Antennas Propag., vol. 56, no. 8, pp. 2
[7] M. B. Stephanson and J.-F. Lee, “Pre
equation using Calderón identities an
IEEE Trans. Antennas Propag., vol. 57
[8] S. Yan, J.-M. Jin, and Z. Nie, “EFIE an
with loop-star decomposition 
preconditioner,” IEEE Trans. Antennas
867, Mar. 2010. 
[9] J. Peeters, I Bogaert, K. Cools, J. Fost
Calderón Preconditioning with Fast M
Propagation Society International Sym
Jul. 2010  
[10] S. Sun, Y. G. Liu, W. C. Chew, and 
Preconditioned EFIE with Perturbatio
Trans. Antennas Propag., Nov. 2011. 
[11] Z. -G. Qian and W. C. Chew, “Enh




erations with different additional
ion method is also valid on 
 be widely used in solving 
problems. 
MENT 
rt by the Research Grants 
09 and 711508), in part by 
Hong Kong (Contract No. 
ES 
, Integral Equation Methods for 
, San Rafael, CA: Morgan & 
l equation solution of maxwell’s 
rowave frequency,” IEEE Trans. 
635-1645, Oct. 2000. 
n improving the stability of the 
requencies,” in Proc. URSI Radio 
n. 1981, p. 24. 
 E-field solution for a conducting 
velength,” IEEE Trans. Antennas 
pr. 1984. 
ll-wave surface integral equation 
eling,” IEEE Trans. Antennas 
, Nov. 2009. 
ci, F. Olyslager, A. Buffa, S. 
, “A multiplicative Calderón 
integral equation,” IEEE Trans. 
398-2412, Aug. 2008.  
conditioner electric field integral 
d dual loop/star basis functions,” 
, no. 4, pp. 1274-1279, Apr. 2009.  
alysis of low-frequency problems 
and Calderón multiplicative 
 Propag., vol. 58, no. 3, pp. 857-
ier and D. De Zutter, “Combining 
ultiple Methods,”  Antennas and 
posium (APSURSI), 2010 IEEE, 
Z. Ma, “Calderón Multiplicative 
n Method,” submitted to IEEE 
anced A-EFIE with perturbation 
g., vol. 58, no. 10, pp. 3256-3264, 
